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The electronic structures of element cerium under high pressure remain unclear all the time. We tried to
calculate the electronic structures of α′, α′′, and -Ce which only exist in the presence of pressure, by us-
ing the combination of traditional density functional theory and single-site dynamical mean-field theory. The
momentum-resolved band structures, total and partial density of states, 4 f electronic configurations of these
phases were exhaustively studied. We found that the 4 f electrons tend to be itinerant, and the hybridizations
between the 4 f and spd conduction electrons are remarkable. In addition, the fluctuations among the 4 f atomic
eigenstates are prominent, especially for the  phase, which leads to a slight modification of its 4 f occupancy.
PACS numbers: 71.10.-w, 71.27.+a, 71.30.+h, 74.20.Pq
I. INTRODUCTION
Ce is one of the most mysterious elements in the periodic
table because of its unusual electronic structures which mani-
fest in its multiple allotropic phases. Under ambient pressure,
Ce may exhibit four allotropes (α, β, γ, and δ phases), and un-
dergo three successive solid phase transitions before reaching
its liquid state [1]. When P ∼ 0.8 GPa and at room temper-
ature, strikingly, an iso-structural phase transition would take
place between the α and γ phases (both phases are in face-
centered-cubic structure). Though the crystal structure is pre-
served during the transition, the atomic volume changes by ∼
15% which has not been observed in any other simple met-
als. The underlying physics and driving force of the α − γ
phase transition have been, and are being to this day, warmly
debated. Particularly, concerning the role played by the corre-
lated 4 f electrons in the transition, it is still a matter of dispute
and ongoing research [2–8].
Besides, under moderate pressure and temperature Ce will
exhibit another three distinct phases, namely, the α′, α′′, and 
phases (see Fig. 1), which result in an extremely complicated
P−T phase diagram [9]. The crystal structure of the α′ phase
is orthorhombic (space group Cmcm). Noted that it is iso-
structural with α-U. The α′′ phase is monoclinic (space group
C2/m). The α-Ce will transform into the two phases in the
pressure range from 5 to 12 GPa, but which phase transition
(i.e., α−α′ or α−α′′ transition) could occur in a cerium sample
strongly depends on the method of sample preparation. Upon
further volume compression (P > 12 GPa) both the α′ and
α′′ phases can transform into the  phase, which is body cen-
tered tetragonal (space group I4/mmm). Recently, the inelastic
X-ray scattering experiment has demonstrated that there ex-
ist strong electron-phonon coupling and pronounced phonon
anomalies in the α′ phase, which means that it is at the verge
of lattice instability [10]. Similar to α-U, a charge density
wave perhaps develops in the α′-Ce. Furthermore, the super-
conductivity with Tc ∼ 2 K found in the high-pressure phases
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FIG. 1. (Color online). Schematic picture for the crystal structures
of α′, α′′, and -Ce.
of Ce can be attributed to the α′ phase as well.
It is very difficult to prepare and identify pure high-pressure
phases of Ce, which requires precise controls of pressure and
thermal process [11]. Therefore, it is not easy to conduct ex-
tensively experimental researches. On the other hand, low-
symmetry crystal structures, strong spin-orbit coupling, and
notable electronic correlations in 4 f electrons also pose great
challenges to the first-principles calculations [1]. As a result,
though numerous efforts have been made to explore the ba-
sic properties of Ce under pressure, actually we know a lit-
tle about the electronic structures of its high-pressure phases
and there are a lot of puzzles that need to be solved. For
instance, do the 4 f electrons remain itinerant or localized
state [12]? What’s the consequence in electronic structures
since the interplay of spin-orbit coupling and 4 f electronic
correlations? Are there strong hybridization between the 4 f
and spd bands as predicted by the Kondo volume collapse
(KVC) scenario [4, 5]? Last, but by no means least, are the 4 f
electronic configurations for these high-pressure phases the
same, and are they similar to or different from those for the
other phases under ambient pressure [13–19]? In order to an-
swer the above questions, more experimental investigations
and theoretical calculations are highly desired.
Bearing these questions in mind, the purpose of this paper
is to endeavour to build an unified picture for the evolution of
electronic structures of high-pressure phases of Ce, by utiliz-
ing the state-of-the-art first-principles many-body approach.
The rest of the paper is organized as follows. In Sec. II, we
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2briefly introduce the calculation method and parameters. In
Sec. III, we present all of the calculated results and make a
detailed discussion. We also compare the 4 f electronic con-
figurations between the high-pressure phases and α-Ce. Fi-
nally, Section IV serves as a short summary and conclusion.
II. METHODS
In the present work, we employed the density functional
theory in combination with the single-site dynamical mean-
field theory (dubbed as DFT + DMFT) to study the electronic
structures of α′, α′′, and -Ce. This approach can treat the
strong 4 f electronic correlations, spin-orbit coupling as well
as on-site Kondo screening on the same footing, and incor-
porate them into realistic band structures based on DFT cal-
culations. As for the basic principles and technical details of
the DFT + DMFT method, please refer to the good reviews
(see Refs. [20] and [21]) and references therein. In fact, it
is considered as the most powerful method established so far
for the calculations of electronic structures of strongly cor-
related materials, and has been successfully applied to study
many interesting problems in lanthanides and actinides, such
as the best known α − γ phase transition in Ce [13–19], the
low-temperature hidden order phase of URu2Si2 [22], and the
valence state fluctuations in Yb [23] and Pu [24, 25].
We performed charge fully self-consistent DFT + DMFT
calculations by using the EDMFTF software package [26]. The
Kohn-Sham equation within the DFT part was solved by us-
ing the WIEN2K code, which implements a full-potential lin-
ear augmented plane-wave formalism [27]. We selected the
generalized gradient approximation to represent exchange-
correlation functional [28]. The hybridization expansion ver-
sion continuous-time quantum Monte Carlo impurity solver
(dubbed as CT-HYB) [29–31] was used to solve the quantum
impurity model within the DMFT part. Undoubtedly, the 4 f
bands were treated as correlated orbitals. The correspond-
ing interaction parameters were on-site Coulomb interaction
U = 6.0 eV and Hund’s coupling J = 0.7 eV [15, 16]. The ex-
perimental lattice structures and system temperature T ∼ 290
K (β = 40.0) were used throughout the calculations.
III. RESULTS
Momentum-resolved spectral functions A(k, ω). The calcu-
lated band structures of the three high-pressure phases along
the high-symmetry lines in the Brillouin zone are displayed in
Fig. 2. Since most of the 4 f bands in Ce are unoccupied, their
positions are well above the Fermi level. As EF < ω < 1.5
eV, we observe some intense and stripe-like features, which
are mainly associated with the 4 f bands. Their bandwidths
are approximately 0.8 ∼ 1.2 eV, which are much smaller than
the Coulomb interaction strength (i.e., W  U). It is an ex-
act evidence to support the statement that the 4 f bands in the
high-pressure phases of Ce are still strongly correlated [21].
In addition, we also observe heavy c − f hybridizations be-
tween the 4 f and the spd conduction bands in this energy win-
dow. As ω > 1.5 eV and ω < EF , the general features become
somewhat blurry. The bands in this energy range exhibit re-
markable dispersions and large bandwidths. Apparently, they
belong to the spd itinerant bands to a large extent.
Now let us concentrate on the similarities and differences
in the band structures of the three phases. As for the α′ and
α′′ phases, since their lattice volumes are very close and their
crystal structures are tightly related, the corresponding band
structures are quite similar and share some common features,
such as the positions of the 4 f and valence bands. However,
for the  phase, which exists under higher pressure and thus
has a smaller lattice volume [9], the center of the correlated 4 f
bands shifts upwards slightly and the itinerant spd bands ex-
hibit much more significant dispersions. Finally, from Fig. 2,
we can speculate that for the  phase the volume encapsulated
by the Fermi surface is the smallest. In the α′ and α′′ phases,
the Fermi surfaces that enclose the Γ point are hole-type and
electron-type, respectively.
Density of states A(ω). The total density of states A(ω) are
shown in Fig. 3(a). In the vicinity of the Fermi level, there
is the so-called Kondo resonance peak with sharp two-peak
structure. This splitting is owing to the spin-orbit coupling
effect. Away from the Fermi level, the spectrum spreads out
and becomes almost featureless. Just as discussed above, the
spectra for the α′ and α′′ phases are very similar, including
the magnitude of the Kondo resonance peak, the two satellite
peaks between -2 eV and EF , and the total bandwidth. As
for the  phase, its spectrum turns broader and has a stronger
Kondo resonance peak.
The 4 f partial density of states A4 f (ω) are shown in
Fig. 3(b). Clearly, according to the difference between A(ω)
and A4 f (ω), the contributions from the 4 f bands are predomi-
nant near the Fermi level. They compose the Kondo resonance
peak. On the other hand, below the Fermi level, the itinerant
spd bands are the most important (the 4 f spectral weight ap-
proaches zero). Due to the spin-orbit coupling, the 4 f bands
are split into two components, namely 4 f5/2 and 4 f7/2. The
4 f5/2 component has a lower energy and is closer to the Fermi
level. The lower Hubbard bands are almost invisible since the
4 f occupancy is small. The upper Hubbard bands look like
broad “humps”, and they locate roughly from 2 eV to 8 eV.
All these features are comparable to those already found in
the α phase by using the DFT + DMFT method [14–17] and
photoemission spectroscopy [32, 33]. Compared to the α′ and
α′′ phases, the A4 f (ω) of the  phase is a bit different. The
peaks ascribed to the 4 f5/2 and 4 f7/2 components (and the up-
per Hubbard bands) have larger intensity, and their positions
are shifted to high-energy regime marginally.
In Fig. 3(c), we visualize the imaginary parts of the real-
frequency hybridization functions, i.e., −=∆(ω)/pi, which are
approximately proportional to the strength of hybridization ef-
fect between the strongly correlated 4 f bands and the weakly
correlated (or non-correlated) spd bands. We can see that the
hybridization effect is very strong, especially near the Fermi
level. It indicates that the KVC scenario not only can be used
to explain the α−γ phase transition [4, 5], but also is useful for
understanding the underlying electronic structures of the high-
pressure phases of Ce. Noticed that the hybridization function
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FIG. 2. (Color online). Momentum-resolved spectral functions A(k, ω) of Ce under high pressure. (a) α′-Ce. (b) α′′-Ce. (c) -Ce. They were
calculated via the analytical continuation of Matsubara self-energy function [26]. The horizontal dashed lines represent the Fermi level.
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FIG. 3. (Color online). (a) Total density of states A(ω), (b) 4 f partial density of states A4 f (ω), and (c) 4 f hybridization functions −=∆(ω)/pi
of Ce under high pressure. They were calculated via the analytical continuation of Matsubara self-energy function [26]. The data are rescaled
and shifted vertically for a better view. In panels (b) and (c), the spectra for the 4 f5/2 and 4 f7/2 components are plotted as solid and dashed
lines, respectively. The vertical dashed lines represent the Fermi level.
of the  phase is much higher than the others, which implies
that its 4 f electrons tend to be more itinerant. Naturally, we
believe that the valence state fluctuation in the  phase must
be the most pronounced among cerium’s allotropes. We will
discuss this issue later.
Distribution of atomic eigenstates. The CT-HYB quantum
impurity solver is capable of computing the valence state his-
togram pΓ, which means the probability to find a valence state
electron (such as the 4 f electrons in Ce) in a given atomic
eigenstate |ψ〉 (labelled by Γ) [30]. It provides us a powerful
lens to learn the subtle electronic structures of strongly corre-
lated systems directly. Besides the first successful application
for the 4 f electrons in α and γ-Ce, it has been adopted to an-
alyze the status of 5 f electrons in α and δ-Pu [24, 25], and
the 4 f localized-itinerant crossover in heavy fermion com-
pound CeIn3 [34]. Here, we would like to utilize it to un-
veil whether the 4 f electrons in the high-pressure phases of
Ce are localized or not. In the presence of spin-orbit cou-
pling, the 4 f atomic eigenstates could be classified by using
the good quantum numbers N (total occupancy) and J (total
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FIG. 4. (Color online). Probabilities of the 4 f atomic eigenstates (or equivalently valence state histograms) of Ce under high pressure. (a)
α′-Ce. (b) α′′-Ce. (c) -Ce. Note that the histograms from the N = 3 atomic eigenstates are too trivial to be seen in this figure.
α α′ α′′ ²
0.0
0.2
0.4
0.6
0.8
1.0
4
f 
w
e
ig
h
t
4f0
4f1
4f2
FIG. 5. (Color online). Distributions of 4 f electronic configurations
of α, α′, α′′, and -Ce.
angular momentum). In the present work, in order to accel-
erate the calculations, we made a crucial truncation that only
those atomic eigenstates whose N ∈ [0, 3] were taken into
considerations [30]. Next we will prove that the contributions
from the atomic eigenstates with larger occupancy (N ≥ 3)
are trivial and the truncation we used is reasonable.
The calculated valence state histograms are shown in Fig. 4.
As is seen in this figure, the predominant atomic eigenstates
are |N = 1, J = 2.5〉 and |N = 1, J = 3.5〉. Their probabili-
ties add up to about 68% ∼ 74%. The less important atomic
eigenstate is |N = 0, J = 0.0〉, which amounts to about 13%
∼ 15%. For the N = 2 case, the contributions from various
atomic eigenstates account for about 13% ∼ 17%. They are
comparable and no dominant ones. The probabilities for the
atomic eigenstates with N = 3 are tiny (< 1% in total), so it
is hardly to see them in Fig. 4. Since the contributions from
the N ≥ 3 atomic eigenstates are unimportant, it is acceptable
to discard them to improve the efficiency during the DFT +
DMFT calculations. Actually, we rerun all of the calculations
with N ∈ [0, 2] and N ∈ [0, 4]. The calculated results are
practically identical.
Next, let us compare the valence state histograms of the
three phases. First, in the α′ and α′′ phases, the probability
of the |N = 1, J = 2.5〉 eigenstate is nearly twice as much
as the one of the |N = 1, J = 3.5〉 eigenstate. While for the
 phase, the probabilities for the two atomic eigenstates are
close. Second, the probabilities for the N = 0, 2, and 3 cases
in the  phase are somewhat larger than those in the α′ and α′′
phases. All these facts reveal that the 4 f electrons in the high-
pressure phases of cerium are not always bound to the N = 1
case, and tend to hop among a variety of atomic eigenstates
with different occupancy and angular momentum. Especially
for the  phase, this tendency is the most noticeable.
Valence state fluctuations. From the 4 f valence state his-
tograms, we can easily evaluate the distributions of 4 f elec-
tronic configurations, and then discuss the valence state fluc-
tuation phenomenon which usually manifests itself in the rare
earth compounds (such as the Ce-based, Sm-based, and Yb-
based heavy fermion systems [23, 35]) and the actinides (such
as Pu [24, 25]). Supposed that the weight for the 4 f i (where
i ∈ [0, 3]) configuration is W(4 f i), then it can be calculated
via the following equation,
W(4 f i) =
∑
N
∑
J
δ(N − i)pΓ. (1)
We tried to calculate the weights for the 4 f [0−3] electronic
configurations. The results are presented in Fig. 5. In order
to gain a clear impression about the evolution of electronic
5configurations, we performed additional calculations for the
α phase, and supplemented its data to this figure. Obviously,
forW(4 f 1), we have α > α′ ≈ α′′ > . However, forW(4 f 0)
orW(4 f 2), the sequence is inverse, i.e., α < α′ ≈ α′′ < .
Based on the obtained data, we reached the following con-
clusions. First, the distributions of electronic configurations
for the α′ and α′′ phases are similar in all respects. Second,
in the high-pressure phases of cerium, the 4 f valence state
fluctuations are more significant than the phases under ambi-
ent pressure. Particularly, in the  phase, the 4 f valence state
fluctuation is much stronger than the other allotropes. Third,
strong valence state fluctuation will modify the valence state
occupancy inevitably. Thus we employed the following equa-
tion to evaluate the averaged 4 f occupancy N4 f [34],
N4 f ≈
3∑
i=0
W(4 f i) × i. (2)
The calculations suggest that the N4 f for the α′, α′′, and 
phases are 0.98, 0.99, and 1.03, respectively [36]. Alterna-
tively, the 4 f occupancy is only modified slightly in this case.
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FIG. 6. (Color online). The 4 f 1 weightW(4 f 1) with respect to the
unit cell volumes V [37] of various phases of Ce. The DFT + DMFT
data for reference are extracted from Reference [30] (upper triangle
symbols) and [16] (diamond symbols). The resonant inelastic X-
Ray scattering (RIXS) experimental data for α-Ce and γ-Ce are taken
from Reference [38]. For α-Ce, the data were measured under 10
kbar (square symbol) and 20 kbar (right triangle symbol). For γ-Ce,
the data were measured under 0 kbar (square symbol). See main text
for the detailed explanations.
Discussions. Under external pressure, the unit cell volumes
of cerium is reduced, and the corresponding electronic struc-
ture (including the band structure, density of states, Fermi sur-
face, valence state histogram, and distribution of electronic
configuration) is tuned gradually. Here, we would like to fig-
ure out the relationship between the lattice volume and the 4 f
electronic configurations.
In Fig. 6, we try to plot the W(4 f 1) against lattice vol-
ume [37]. Besides the three high-pressure phases, the avail-
able data for the α and γ phases are also included. Surpris-
ingly, we find that the W(4 f 1) − V curve exhibits a quasi-
linear behavior. Then we used the formula f (x) = ax + b to
fit the data (please see the dashed dark-yellow line in Fig. 6).
The fitting parameters a and b are 0.00279767 and 0.293449,
respectively. This linear behavior is easily to be understood.
The larger the lattice volume is, the more localized the 4 f
electrons are, and the smaller the 4 f valence state fluctuation
will be. As a result, the 4 f electrons have a tendency to stay
at the 4 f 1 electronic configuration instead of hopping to and
fro, with respect to the increment of lattice volume. On the
other hand, we think that theW(4 f 1) could be considered as
a quantitative tool to measure the valence state fluctuation and
electronic localized degree of freedom for Ce-based system.
IV. SUMMARY
In conclusion, we studied the electronic structures of three
high-pressure phases of Ce by using the charge fully self-
consistent DFT + DMFT method. We found that the 4 f elec-
trons exhibit more itinerant features. And the valence state
fluctuation in the  phase is the most remarkable, which is
precisely described by the quantity W(4 f 1). To the best of
our knowledge, it is the first time to adopt the first-principles
many-body approach to study the α′, α′′, and -Ce. It is also
the first step to build an unified picture for the electronic struc-
tures and related physical properties of all allotropes of Ce.
Unfortunately, the corresponding experiments are rare in the
literatures. Our results serve as critical predictions, and re-
quire further experimental examinations.
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